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Entanglement between blocks of energy-levels is analysed for systems exhibiting s-wave and p-
wave superconductivity. We study the entanglement entropy and spectrum of a block of ℓ levels
around the Fermi point, and also between particles and holes, in the ground state of Richardson-
type Hamiltonians. The maximal entropy grows with the number of levels L approximately as
1/2 log(L), as suggested by the permutational symmetry of the state at large coupling. The number
of levels in the block around the Fermi surface with maximal entanglement is proposed as a measure
of the number of active Cooper pairs, which correlates with standard estimates of this magnitude.
The entanglement spectrum is always composed of a principal parabolic band plus higher bands
whose disappearance signals a exact BCS state, e.g. in the Moore-Read line, while the Read-Green
quantum phase transition is characterized by a maximum in their weight.
PACS numbers: 74.20Fg, 74.20Rp, 03.67.-a, 05.30.Rt,
Entanglement has proved to be a extremely useful con-
cept in order to characterize quantum phase transitions
(QPT) [1]. The usual objects of study are the various en-
tanglement entropies between a real space block and the
rest of the system. In 2008, Li and Haldane showed that
the entanglement spectrum (ES) was much more informa-
tive [2]. In particular, these authors found that the low
energy ES of the ν = 5/2 fractional quantum Hall (FQH)
states is described by the chiral Conformal Field Theory
associated to the edge excitations. This is an example of
the so called bulk-edge correspondence which has been
explored intensively in the last few years not only in the
FQH context but also in spin systems, topological states,
random systems, etc. [3].
The previous works concern mostly the characteriza-
tion of entanglement in real space, or for the Hall systems
in the orbital basis. However, some physical systems are
formulated in momentum space or in energy space. A
notable example is provided by superconductors where
the Hilbert space is based on single-particle energy lev-
els. In that spirit, Martin-Delgado computed the concur-
rence between modes in the grand canonical BCS state
[4], while Dunning and collaborators computed the con-
currence in the canonical ensemble using the exact so-
lution of the BCS model [5]. Entanglement between re-
gions in Fourier space has been studied in [6]. Moreover,
successful application of the density matrix renormaliza-
tion group (DMRG) techniques in momentum space [7]
suggests that entanglement in Fourier space might be sig-
nificantly lower than in real space for some problems.
In this work we study the entanglement spectrum and
entropy between disjoint blocks of single-body energy
levels in one-dimensional models of fermion pairing pre-
senting both s-wave and p-wave symmetry. The anal-
ysis is carried out in the canonical ensemble, assuming
that fermion pairs behave like hard-core bosons [8]. As
our main numerical technique, we employ the DMRG [9],
which has already proved useful in those systems [10, 11].
Let us consider an ultrasmall superconducting grain
with L energy levels and Ne = 2Np electrons subject to
an s-wave pairing interaction. Because of its irregular
shape, momentum is not preserved, but single-particle
states come in time-reversed pairs, denoted as |j+〉 and
|j−〉, with the same energy ǫj. Let b†j be a hard-core bo-
son operator which creates that pair. As usual in BCS
systems, let us assume a homogeneous pairing coupling
among all energy levels, with coupling constant G. By
restricting ourselves to states in which each energy level
is either empty or doubly occupied, we obtain the follow-
ing Hamiltonian, known as Richardson model [8, 12–14]:
HR =
∑L
j=1 2ǫjb
†
jbj − G
∑L
j 6=j′ b
†
jbj′ . We will work with
equally spaced levels, ǫj = jd, with j ∈ {1, · · · , L}. This
choice can be heuristically justified based on the level re-
pulsion in random systems [15]. Making d = 1/L and
defining an effective coupling constant g = G/d = GL,
we get
Hs/d =
∑
j
2j b†jbj − g
∑
j 6=j′
b†jbj′ . (1)
For g = 0, the ground state of the Hamiltonian is
the Fermi state with Np pairs |Ψ0〉 =
∏Np
k=1 b
†
k |0〉. As
2F (6)F (2)
L(5)L(2)
FIG. 1. Illustration of the two types of blocks whose entan-
glement we study.
g increases, more pairs jump to excited states, and for
g → ∞, all the energy levels are equally occupied and
the state becomes symmetric under permutations.
We have employed the DMRG to obtain numerically
the ground state of the Hamiltonian (1) for different num-
bers of levels L, pairs Np (filling factor x = Np/L) and
coupling constant g. The DMRG was shown to provide
excellent results by Dukelsky et al. [10], using an adapted
version of the infinite algorithm [9]. We have extended
their methods by employing the finite DMRG algorithm
with a number of retained states adapted to keep the sum
of the neglected weights always below 10−8.
It is well known that the low energy physics of the
BCS systems takes place in the vicinity of the Fermi level
ℓF . Thus, it makes sense to study the entanglement of
what can be called Fermi blocks: F(ℓ) contains the ℓ
levels which are closest to ℓF , i.e.: F(ℓ) = {ℓF − ℓ/2 +
1, · · · , ℓF+ℓ/2}. Figure (1, top) illustrates the definition.
Notice that only even values of ℓ are allowed in F(ℓ)
until it reaches either the top or bottom of the energy
scale. We shall also consider low-energy blocks: L(ℓ) =
{1, · · · , ℓ} which contain the ℓ lowest energy levels, as
illustrated in figure (1, bottom). In the particular case
where ℓ = ℓF we recover the particle-hole partition used
in reference [10, 11] to implement the DMRG for the
Richardson model.
It is rather straightforward to obtain the ES of the
blocks F(ℓ) and L(ℓ), provided they correspond to the
left (or right) blocks of the DMRG. We have used two
different DMRG-paths, i.e.: two orderings of the sites,
as illustrated in figure (2): the top panel shows the path
used for Fermi blocks, and the bottom one, the path for
low-energy blocks.
Let SL(ℓ, g) denote the entanglement entropy (EE) as-
sociated to the block F(ℓ) in the GS of the Hamiltonian
(1) at half-filling, x = Np/L = 1/2. Figure (3) shows its
values for L = 100 and several couplings g. When g → 0,
the entropy vanishes, since the GS is a Fermi sea with
small fluctuations and is close to a product state. On the
other hand, when g → ∞ the plot becomes symmetric
around ℓ = L/2, since all the energy levels are equally
occupied and the state is symmetric under permutations.
As a function of ℓ, SL(ℓ, g) attains a maximum at a
value ℓmax(L, g) which depends on L and g, as shown in
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FIG. 2. The two DMRG-paths used to compute the entan-
glement for each family of blocks.
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FIG. 3. Entanglement entropy SL(ℓ, g), with maxima marked
with polygonal line. Inset: Smax(L, g) for g = 1, 2, 3 and ∞
(increasing).
the gray polygonal line in figure (3). As g increases, this
maximum moves from ℓmax = 1 to ℓmax = L/2 which is
reached at g = ∞. Let us denote the maximal entropy
as Smax(L, g) ≡ SL(ℓmax, g). We show how it depends
on L and g in figure (3, inset). As we will justify later,
for sufficiently large g or L, we have:
Smax(L, g) ≈ 1
2
log(L) + β(g) +O(L−1) (2)
and the coefficient of L−1 is 1/2 for large g. Entangle-
ment entropies growing as a log of the block size have
been already observed in a variety of systems such as
spin and fermion chains at criticality, random 1D sys-
tems, etc. [16–21]. The physical origin in our case is how-
ever different: it stems from the permutation-symmetry
that arises for g →∞, when the entanglement of a block
of ℓ levels only depends on its size. In the strong cou-
pling limit, the GS approaches quickly the state with
Sz = 0 from the multiplet of a ferromagnetic state with
L spins 1/2, which in Quantum Information is known
as the Dicke state at half filling [22]. Several authors
have shown that the entanglement entropy of a block con-
taining half the sites of those states grows as 1/2 log(L)
3[22, 23]. These results have been generalized by Castro-
Alvaredo and Doyon: the entanglement entropy of states
constructed by integrating degenerate factorizable states
grows as d/2 log(L), where d (in our case, 1) stands for
the number of Goldstone bosons associated to the degen-
eracy [24, 25].
In the BCS model we can derive equation (2) in a way
that also provides the entanglement spectrum. Following
the analysis of [10], we consider the decomposition of the
system, at half-filling, between the block A = L(L/2) and
its complement, i.e.: particles vs. holes. This partition
corresponds to the Schmidt decomposition:
|ΨL〉 =
L/2∑
n=0
ψL,n |n〉A ⊗ |L/2− n〉B (3)
where |n〉A is a state with n pairs below the Fermi en-
ergy and |L/2− n〉B a state with L/2 − n pairs above
it, with n = L/2 corresponding to the Fermi state.
Using a combinatorial analysis one finds that ψL,n =
CL/2,n/
√
CL,L/2, where Cn,m = n!/(m!(n − m)!) [10],
and the eigenvalues of the reduced density matrix of the
block L(L/2) are given by λL,n = |ψL,n|2. In the limit
L, n ≫ 1, the highest values of λL,n are concentrated in
the vicinity of n ∼ L/4. The entanglement energies, de-
fined as ǫL,n = − logλL,n, can be approximated by the
parabola
ǫL,n ≃ L
2
(
1− 4n
L
)2
+
1
2
log
πL
8
, n ∼ L
4
. (4)
so the most probable terms deviate from n = L/4 by
an amount of order
√
L. Extending the range of n to
the real line one finds that (4) is correctly normalized,
i.e.
∫
dn e−ǫL,n = 1, and that the entanglement entropy,
given by S =
∫
dn ǫL,ne
−ǫL,n = 1
2
(log(πL/8) + 1), repro-
duces the asymptotic behavior (2). Moreover, the next
order Stirling approximation yields a finite-size correc-
tion of 1/(2L), as expected. We have also performed
projected-BCS computations [10], obtaining again the
form (2) for large g or L, thus providing further support
for its robustness.
For moderate values of g one should expect that the
particle-hole Schmidt decomposition of the GS will in-
volve more than one state having the same number of
particles (or holes), and not just one state, as in eq.(3).
This expectation is confirmed by the numerical results.
We find that the entanglement spectrum is formed by
parabolic bands that resemble the structure of the prin-
cipal band (4), as shown in Fig.(4) for a system with
L = 40 energy levels and g = 0.1, 1, 2 and 4. The entan-
glement energies ǫi = − logλi for the block L(L/2) are
labeled by the number of pairs below the Fermi energy.
The dashed line depicts the parabolic spectrum (4) cor-
responding to the limit g → ∞. The band structure is
clear. The vertex of each parabola moves leftwards as g
0
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FIG. 4. Entanglement energies, ǫi = − log λi for the GS of
(1). The dotted line corresponds to the limit g → ∞ limit
given approximately in eq.(4).
increases: for g ≈ 0 the maximal probability corresponds
to n = ℓF (= L/2), i.e.: the Fermi sea, all pairs are be-
low ℓF . As g increases, the minimum shifts leftwards,
approaching n = ℓF /2(= L/4) as g → ∞: only half the
pairs, in average, are below ℓF . As g →∞, the weight of
the higher bands in the EE is reduced. This implies that
the approximation given in equation (3), in which a sin-
gle weight is given to each occupation number, improves
as the coupling constant raises. An interesting question
is what is the entanglement Hamiltonian HE that gives
rise to parabolic bands with that structure.
Moreover, the study of entanglement enables us to es-
timate the size of the active region in energy space. For
a given value of the coupling constant g, only a certain
fraction of the energy levels will be actively involved in
the dynamics of the system. Effectively, we may use the
number of levels contained in the Fermi block whose en-
tropy is maximal, ℓmax. We will now show that this
magnitude bears strong correlation with other possible
estimates, based on two very relevant magnitudes in a
pairing system such as the condensation energy EC(L, g)
(defined as the difference between the GS energy and the
energy of the corresponding Fermi sea), and the spec-
troscopic gap EG(L, g) (defined as the excess energy ob-
tained when one pair is broken, blocking levels ℓF and
ℓF + 1).
Figure (5, left) shows that ℓmax correlates very
strongly EG/G, i.e.: the spectroscopic gap in units of
the dimensionful coupling constant G = gd. This corre-
lation extends to a wide range of values of g ∈ [0.2, 4],
and for L = 30, 40 and 50. For very large coupling, the
spectroscopic gap is roughly proportional to g, i.e., the
relation EG/G ≈ L holds. Thus, we postulate that, for
all g, only the closest Lact energy levels to the Fermi en-
ergy are active, while all others are frozen. Then, it is
sensible to estimate EG/G ≈ Lact. Indeed, the fit shows
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FIG. 5. Left: Correlation between EG/G and ℓmax in model
(1), slope is 1/2. Right: Correlation between EC/EG and
ℓmax, slope is ≈ 2.5. In both cases, g ∈ [0.2, 4] and L = 30,
40 and 50 (color). Inset: relation between the particle-hole
entropy SPH and ℓmax.
that EG/G ≈ 2ℓmax with very good accuracy. The rea-
son for this factor 2 is entanglement monogamy [26]: if
ℓmax levels are strogly entangled to the environment, it is
reasonable to presume that they are correlated to other
set of ℓmax levels. The same correlation is observed when
measuring the no-broken-pairs gap, i.e.: the energy dif-
ference to the first excited state of the hard-core boson
Hamiltonian (1).
The right panel in figure (5) shows the correlation be-
tween ℓmax and another estimate of the number of active
pairs: the condensation energy divided by the spectro-
scopic gap, EC(L, g)/EG(L, g). In BCS theory, the con-
densation energy is proportional to the number of pairs
times the gap. Thus, again, we expect EC/EG ≈ Lact.
In this case, we obtain EC/EG ≈ ℓmax/3, with a worse
fit. The inset in figure (5) shows the relation between
SPH = S(L(ℓF )), the particle-hole entropy, and ℓmax.
Indeed, for large enough ℓmax (g > 0.5) there appears to
be a linear relation between exp(SPH) and ℓmax. Indeed,
exp(S) measures the number of relevant states required
to describe a certain block, and this value is correlated
with the number of active pairs, as expressed in equation
(3).
We now turn to the study of the entanglement proper-
ties of the 1D p-wave analogue of the Richardson model
studied in the previous section whose Hamiltonian is
given by [27, 28]:
Hp/d =
∑
j
j2 b†jbj − g
∑
j 6=j′
j · j′ b†jbj′ (5)
The phase diagram of this model can be divided into
three regions: weak coupling ( 1g ≥ 1 − x), weak pairing
(1 − 2x < 1g ≤ 1 − x) and strong pairing ( 1g < 1 − 2x),
where g is the BCS coupling constant and x = Np/L is
the filling fraction. The weak pairing and strong coupling
regions are separated by the so called Read and Green
line (RG) where the quasiparticle energies are gapless
[29]. The corresponding phase transition in 2D is of third
order, as found by Rombouts and collaborators [30], and
is characterized by the winding number of the BCS or-
der parameter [29, 31]. The weak pairing phase, being
topologically non trivial, has a Pfaffian wave function
similar to the so called Moore-Read (MR) state of the
FQH at filling fraction ν = 5/2 mentioned in the intro-
duction. In reference [27, 28] it was found that the MR
state is the exact GS of the Hamiltonian (5) on the MR
line 1g = 1−x. All the roots of the Richardson-like equa-
tions vanish, and therefore the total energy of the state,
given by the sum of the roots, vanishes as well. The MR
line corresponds to a zero order phase transition meaning
that the GS energy is discontinuous when crossing it [28].
However all the remaining observables does not exhibit
any kind of jump. For this reason it is generally believed
that the weak pairing and weak coupling regions, that
are separated by the MR line, belong in fact to the same
phase.
It is thus of great interest to study the entanglement
spectrum and entropy in connection with the nature of
the quantum phase transitions across the RG and MR
lines. To this end we fix the filling fraction to x = 1/4,
so that the RG point is met at g = 2, while the MR point
is met at g = 4/3.
The maximal entropy SFmax(L, g) of the Fermi blocks
exhibits a similar behavior to the s-wave case shown
in (3, inset) and equation (2): for large enough g it
grows as 1/2 log(L) + β(g), with β(g) attaining its max-
imum at the RG point (g = 2), signalling the diver-
gence of the size of the Cooper pairs [30]. The maxi-
mal entropy of the low-energy blocks, SLmax(L, g) does
not show any special feature near that point. Nonethe-
less, they take the same value at the MR point, g = 4/3:
SFmax(L, gMR) = S
L
max(L, gMR).
We have also obtained the entanglement spectrum of
the particle-hole block L(ℓF ) for x = 1/4 and several
values of g belonging to different domains of the phase
diagram. Figure (6, top) shows the entanglement ener-
gies versus the number of pairs below the Fermi point.
As in the s-wave case, we can recognize the parabolas
which are responsible for the Smax ≈ 1/2 log(L) behav-
ior. The vertices of the parabolas shift leftwards as g
increases, from ℓmax = ℓF (= 10), at g = 0 (all pairs are
below the Fermi level) to ℓmax = xℓF (= 2.5) as g → ∞,
because pairs become equally distributed. A remarkable
feature is that at g = 4/3, i.e.: the MR point, the higher
bands disappear. The entanglement spectrum consists
only of the lower band, as far as the DMRG can dis-
tinguish. This result agrees with the exact GS on the
MR line which is a perfect condensate of Cooper pairs
[27, 28]. This explains the previous observation that
5SFmax(L, gMR) = S
L
max(L, gMR). Figure (6, bottom) de-
picts the weight of the higher bands as a function of g
for a few values of L. The weight falls to zero at g = 4/3
(MR point), as explained above. Furthermore, it presents
a local maximum at g = 2, the RG point, in accordance
to the divergence of the size of Cooper pairs [30].
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FIG. 6. Top: Entanglement spectra of L(ℓF ) for the GS of
(5). Bottom: weight of the higher bands as a function of g.
To sum up, in this letter we have explored the entangle-
ment of blocks of energy-levels in the ground state of pair-
ing Hamiltonians, emphasizing the logarithmic behavior
of the maximal entanglement entropy, 1/2 log(L), which
is related to the permutation-symmetry of the state in
the strong coupling limit, and the relation between the
size of the maximally entangled block and the number
of active pairs. Alongside, we have characterized the en-
tanglement spectrum and its parabolic band structure,
clarifying the nature of the Moore-Read and Read-Green
points in the p-wave superconductivity phase diagram.
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